We show that the relativistic effects are negligibly small in the non-linear density and velocity bispectra. Although the non-linearities of Einstein equation introduce additional non-linear terms to the Newtonian fluid equations, the corrections to the bispectrum only show up on super-horizon scales. We show this with the next-to-leading order non-linear bispectrum for a pressureless fluid in a flat Friedmann-Robertson-Walker background, by calculating the density and velocity fields up to fourth order. We work in the comoving gauge, where the dynamics is identical to the Newtonian up to second order. We also discuss the leading order matter bispectrum in various gauges, and show yet another relativistic effect near horizon scales that the matter bispectrum strongly depends on the gauge choice.
Introduction
Recent advances in cosmology has been greatly spurred by precise cosmological observations. The accurate measurements of the temperature anisotropies and polarizations in the cosmic microwave background (CMB) by the Wilkinson Microwave Anisotropy Probe (WMAP) have opened the era of precision cosmology [1] , and with the most recent PLANCK data we can constrain the cosmological parameters with less than O(1) percent error [2] . With the planned experiments such as PIXIE [3] , PRISM [4] , and LiteBIRD [5] to mention a few, it is guaranteed that we continue our success in the CMB observations and that we can constrain the cosmological parameters further and can obtain more information on the early universe as well.
Large scale structure (LSS) of the universe is yet another powerful cosmological probe, and its importance has ever been increasing with galaxy surveys such as SDSS [6] , WiggleZ [7] and VIPERS [8] . The LSS observations can provide the measurement of geometrical distances, growth of structures, and shape of primordial correlation functions. These lower redshift information combined with the CMB data can break down the degeneracies among cosmological parameters that yields better constraints than CMB alone [2] . Furthermore, the full three-dimensional information with a huge redshift coverage available for the LSS observations naturally yields measurement of properties of dark energy, neutrino properties as well as physics of the early universe. A number of future observations such as HETDEX [10] , MS-DESI [9], LSST [11] and Euclid [12] are proposed to observe LSS with improved accuracy in near future.
Provided that unprecedentedly accurate data will be soon available in both CMB and LSS, our theoretical endeavour should also meet the observational precision. This introduces, however, a number of interesting and important questions to be addressed, especially for LSS:
• Non-linearity: With increasing observational accuracy, we can probe the signal beyond the two-point correlation function in CMB and LSS. The higher-order correlation functions are the signature of nonlinearities. Searching for the primordial non-Gaussianity [13] is a prime example. The current best constraint from PLANCK is consistent with that the primordial fluctuations follow the Gaussian statistics with the local non-linearity parameter f NL = 2.7 ± 5.8 at 2σ confidence level. Non-linearity is more prominent in LSS: gravitational instability amplifies the density fluctuations to form non-linear structures such as galaxies and clusters of galaxies. As a result, the non-linearities deviates the matter power spectrum from the linear theory predictions [14, 15] , and generates large higher-order correlation functions such as bispectrum and trispectrum. Accurate modeling of non-linearities is, therefore, the key requirement of exploiting the LSS data at the accuracy level similar to the CMB.
• Relevance of general relativity: Most studies on LSS in the past have been done in the context of the Newtonian gravity [16] , which works fine in the small scale, sub-horizon limit. In order to achieve robust measurements of dark energy properties, for example from Baryon Acoustic Oscillations (See [17] for a recent review), planned future LSS surveys will probe larger and larger volume, and access the scales comparable to the horizon. Modeling the LSS observables on those large scales demands that we work in the fully general relativistic context. The first question that must be addressed is whether the purely relativistic effects are large enough to be detected or not. Furthermore, attempted modifications to general relativity (to explain the recent cosmic acceleration) mostly show up on such very large scales. Thus LSS is a perfect playground to test modified theories of gravity.
• Gauge: As we should resort to general relativity, at least in principle, to study LSS properly, it is crucial to clarify which 'gauge' we are using to interpret the data from LSS surveys. Different gauges are mathematically equivalent, but it does not mean that physical clarity is also equally shared. In particular, in the small scale limit the 'density contrasts' δ ≡ T 0 0 /T 0 0 − 1 in almost all popular gauges are equivalent to the Newtonian density contrast [18] , but equivalence does not hold on large enough scales close to the horizon. Of course, by properly choosing the gauge that we interpret the data, the gauge ambiguity on large scales disappears to yield the gauge invariant expression for the observable such as the galaxy power spectrum [19] .
Bearing these in mind, we are encouraged to go beyond the two-point correlation function or power spectrum, and study the higher-order correlation functions arisen from the non-linearity in general relativity.
In this article, we study the next-to-leading order non-linearities in the matter bispectrum in the comoving gauge. The non-linear matter power spectrum in the same gauge was computed in [15] . In the comoving gauge, the physical interpretation of the relativistic variables is transparent and the set of dynamical equations becomes particularly simple. Furthermore, the equations governing the dynamics of the density and velocity fields exactly coincide with the usual Newtonian hydrodynamic equations up to second order [20] . Therefore, the leading order matter bispectrum, which results from correlating one second order density contrast to two linear order ones, in the full relativistic calculation must be the same as that of the Newtonian calculation, and the purely relativistic contributions appear from the third order. To obtain the self-consistent next-to-leading order non-linearities, we calculate the density contrast to the fourth-order. We compute the one-loop matter density and velocity bispectra, and confirm that the purely relativistic corrections are subdominant on cosmologically relevant scales.
Going beyond the comoving gauge, we also calculate the leading order matter bispectrum from various other gauges to demonstrate the wild gauge dependence of the density and velocity bispectra. As in the case for the galaxy power spectrum, such a gauge dependence should go away when one calculate the 'observable' quantities in each gauge.
This article is organized as follows. In Section 2 we present the perturbation equations of a pressureless matter in the comoving gauge. In Section 3 we give the fourth order solutions of the perturbation equations in terms of kernels, and compute the matter bispectrum including one-loop corrections. In Section 4 we show the total bispectrum in particular configurations of interest. In Section 5 we show gauge dependence of the leading bispectrum in general relativity for large scale study. We conclude in Section 6.
where
Note that we only consider the fastest growing mode at each order in perturbations. With this ansatz, (13) and (14) become simply differential equations of F n and G n . Because the Newtonian hydrodynamical equations are closed at second order and the relativistic equations coincide with the Newtonian ones up to second order, the purely relativistic solutions appears from third order. Note that, in the comoving gauge, purely relativistic terms explicitly include the comoving horizon scale k H ≡ aH.
The second order kernels are the same as standard perturbation theory [16] , and the third order kernels are presented in (12) and (13) of [15] . For completeness, we present the equations and solutions for the fourth order kernels in Appendix A.
Tree bispectrum
The matter bispectrum is defined as
and the velocity bispectrum is defined in the same way for θ(k, t). Assuming that the linear density perturbation δ 1 follows the Gaussian statistics, any higher order correlation functions beyond the linear power spectrum P 11 , defined by
can be written in terms of P 11 . Note that from (20) , we can see that the linear power spectrum of the velocity perturbation is simply P 11 multiplied by k 2 H ≡ (aH) 2 . With Gaussian δ 1 , the next-to-leading order bispectrum is given by
where we have suppressed the time dependence notation. The leading bispectrum B (0) does not contain any internal momentum integration, and is thus usually dubbed as the "tree-level" bispectrum. Meanwhile, the leading corrections B
(1) all contain one internal momentum integration and are frequently called as "one-loop" corrections. In the following, we present matter bispectrum only. The velocity bispectrum is obtained in essentially the same way by replacing the kernel G i and supplying the additional factor −k 3 H . We can straightforwardly compute the tree level bispectrum B (0) . We first consider
Then, we can immediately find
and the tree bispectrum is thus
3.3 One-loop bispectrum
Next we consider the first one-loop correction term, B
. From the full expression
we can find
B (1) 114
For the next term B
(1)
, we can proceed in the same manner. Let us consider
Then after straightforward calculations we find
Finally, we consider the last contribution B
There are two different ways of correlating the six δ 1 's. Let us call them (a) and (b). First, (a) is that the two propagators from δ 2 vertex are connected to both δ 1 and δ 3 vertices, and the remaining two propagators within δ 3 are inter-connected and form a loop. And (b) is that the two propagators from δ 2 vertex are both connected to δ 3 vertex, and the remaining one propagator of δ 3 is connected to δ 1 vertex. That is, in terms of momentum shown in (33), (a) corresponds to the correlations that one of {q 1 , q 2 } is correlated to k 1 , and the remaining one is correlated to {q 3 , q 4 , q 5 }. For (b), two of {q 3 , q 4 , q 5 } are correlated to {q 1 , q 2 }, and the remaining one is correlated to k 1 . There are six non-zero contributions for each of (a) and (b), and we work out to find
One can find the diagramatic representation of the one-loop bispectrum in [23] .
Results
To highlight the general relativistic effect at one-loop level, we find it sufficient to show some special triangular configurations. We set the three momenta k 1 , k 2 and k 3 in such a way that |k 1 | = |k 2 | = k and |k 3 | = k/α, and vary α for different configurations of interest. For example, α = 1/2, α = 1 and α ≫ 1 correspond to the folded, equilateral and squeezed configurations, respectively. We implement the integration in the one-loop calculation by setting k 1 , k 2 and k 3 on the xz plane with k 1 being aligned along the z axis. To perform the integration over q, we introduce the magnitude of q and the cosine between q and k 1 as q = rk and k 1 · q = k 2 rµ with 0 ≤ r ≤ ∞ and −1 ≤ µ ≤ 1. Then, each vector including the internal momentum q is given respectively by
We calculate the linear matter power spectrum P 11 (k) from CAMB code with cosmological parameters given in Table 1 of [24] . We find that setting the radial integral range for r from r min = 10 −2 k H /k to r max = 10 6 k H /k is sufficient to guarantee the convergence. All results we show hereafter are for z = 0.
In Figure 1 we show the matter bispectrum B total up to one-loop corrections as well as individual component: leading order B tree , Newtonian one-loop B , and dominates the tree contribution for large k indicating the strong non-linearities due to gravitational instability. They change sign at around k ∼ 0.1hMpc −1 , and on smaller (larger) scales the Newtonian corrections are negative (positive). The general relativistic one-loop corrections are strongly suppressed on small scales, but we note that on very large scales (k → 0 limit) they approach a constant value. While sub-dominant on all scales in the equilateral and folded configurations, the relativistic corrections give rise to the notable changes to the matter bispectrum on large scales for more squeezed triangles. In the tightly squeezed limit (α = 100) they even dominate the tree contribution and make the total bispectrum negative, i.e. anti-correlated. This peculiar behavior is mainly coming from the components that carry k We estimate the behavior of the large scale plateau as the following. For simplicity, let us abbreviate the radial integration with the k 4 H factor of F 4 in B (1) 114 (k, k, k/α) as drP 11 (kr)f (r). The variable r ≡ q/k is very large on large scale since k → 0. With this, we can understand the asymptotic behavior of f (r) on large scale (r ≫ 1) and in the squeezed limit (α ≫ 1) as
Note that f (r) is to leading order independent of r in the large scale limit. Using the fact P 11 (k) ∝ k nR for small k with n R ∼ 0.96 being the spectral index of the primordial perturbation, we can simply write the squeezed bispectrum on very large scales as
Therefore, the matter bispectrum in the squeezed configuration is proportional to α and is nearly independent of k.
We show in Figure 2 the velocity bispectrum. The non-linear velocity bispectrum shows the similar features as the density bispectrum in Figure 1 . Especially, the plateau on large scales in the squeezed configuration can be estimated in a similar way: writing the relevant component from G 4 schematically as k 3 H drP 11 (kr)g(r), in the large scale limit we can find g(r) = f (r)/3. Note, however, that the magnitude is much smaller than the matter bispectrum, due to the suppression by a factor of k 3 H . As we see from both figures, the relativistic corrections to the density and velocity bispectra are very wellregulated, as the general relativistic signature shows only with a small amplitude on smaller scales and is noticible only for the large scale where the smallest mode is beyond the horizon scale, k H = aH, shown as a vertical dashed line in the figures. 
Tree bispectrum in other gauges
As we have seen above, the matter and velocity bispectra are well-regulated on all scales, and the relativistic effects are noticeable only on large scales beyond the horizon scale. This is because the comoving gauge is privileged in such a way that we have the same results as the Newtonian calculation up to second order. However, in other gauges this is not guaranteed and we in general expect deviations from each other, especially on large scales. To illustrate this point, we show in a few popular gauges the tree level bispectrum for which we need second order perturbation δ 2 , or equivalently, second order kernel F 2 . Note that, while we calculate the second order solutions with various gauge choices, the second order kernels F 2 we present here are still defined in Eq. (21) with the linear density contrast in the comoving gauge that we are referring as δ 1 throughout this paper.
• Comoving gauge: This is the main gauge we work with in this article. As we have worked out in the previous section, δ 1 and δ 2 are identical to the Newtonian density perturbations in the Eulerian coordinate. Thus there is no relativistic contributions at tree level.
• Synchronous gauge: Synchronous gauge takes no perturbation in the 00 and 0i components of the metric,
so that the time coordinate agrees with proper time. In this gauge δ 1 is the same as that in the comoving gauge, but the second order kernel is found to be
Thus although there is no divergence on large scales, the tree bispectrum does not match that in the comoving gauge everywhere. This is because the density field in the synchronous gauge can be interpreted as the Newtonian density perturbation in the Lagrangian point of view following the moving volume elements.
• Zero shear gauge: In this gauge the metric is written as
We find the linear perturbation is given by
Thus, while we recover the same result on sub-horizon scales as in the comoving gauge, deviation becomes prominent as we approach the horizon scale and eventually we face divergence on super-horizon scales. We can find the second order kernel as This also matches the comoving gauge kernel on small scales but diverges in the limit k → 0. The relativistic effect of gauge dependence in this gauge is characterized by the second and the third terms in the kernel with a factor of k H .
• Uniform curvature gauge: This gauge is also called as the flat gauge. In this gauge the spatial metric is set to be unperturbed,
The linear perturbation in this gauge is
thus as in the zero shear gauge we find divergence on large scales. The second order kernel is given by 
Likewise, we recover the comoving gauge result on small scales k → ∞.
We compare the tree level bispectra in all the aforementioned gauges in Figure 3 . On small scales, the treelevel bispectra from all gauges except for the synchronous gauge converge to the Newtonian tree level bispectrum: the bispectrum in the synchronous gauge does not converge to the Newtonian (Eulerian) bispectrum, because the coordinate system is the similar to the Lagrangian fluid view. On larger scales (k 3 k H ), we start to see the gauge dependence of the matter density fields and the tree level bispectra from all four gauges are different from each other. We show the tree bispectrum in the comoving (CG), synchronous (SG), zero shear (ZSG) and uniform curvature (UCG) gauges. From top left clockwise, the bispectra are projected onto the equilateral, folded, tightly (α = 100) and slightly (α = 10) squeezed configurations at z = 0.
Conclusions
We have studied how the non-linearities in general relativistic affects the non-linear density and velocity bispectra. Using the full general relativistic formalism, we calculate one-loop bispectra of density and velocity fields in a flat, matter dominated universe. We have assumed that the initial density perturbation is perfectly Gaussian, so that the matter bispectrum comes solely from the non-linear dynamics. As we work in the comoving gauge, where the relativistic density and velocity fields coincide with those in the Newtonian theory, the pure relativistic corrections appear from third order. We have computed the non-linear bispectrum in the equilateral, folded and squeezed triangular configurations and have shown that the relativistic effects are appreciable only on the scale larger than the horizon. On small scales, the Newtonian one-loop corrections dominate the relativistic ones and even the tree contributions at k 0.2hMpc −1 , indicating the non-linear evolution of the bispectrum due to gravitational instability. The general relativistic corrections appear to be dominant over the Newtonian ones when the longest wavemode is near comoving horizon scale. That is the reason why we see the domination of the relativistic corrections in the squeezed configurations on very large scales.
We then have demonstrated the gauge dependence of the matter bispectrum by explicitly computing the tree-level matter bispectrum in four different gauges: comoving, synchronous, zero shear and uniform curvature gauges. Except for the synchronous gauge, whose time coordinate is comoving with the observer and thus the meaning of the density contrast differs from the other gauges even on the small scales, the matter bispectrum computed in the other gauges are the same on small scales. On large scales, the gauge dependence begin to show up more prominently and the matter bisepctra from all four gauges diverge from each other. This result is, again, consistent with the one-loop result in the comoving gauge that the general relativistic effects are only important near the horizon scales.
The gauge dependence that we see near the horizon scale is the outcome of that the matter bispectrum itself is not a direct observable. When considering the observable quantities such as the bispectrum of weak-lensing shear and convergence field, or the galaxy bispectrum including all the relevant effects such as galaxy bias, light reflection, etc, the gauge dependence must disappear. In the case of the galaxy power spectrum, [19] have shown that the observed galaxy power spectrum written in terms of the observed coordinate system is indeed gauge independent. Likewise, we surmise that calculating the bispectrum of observed quantities should resolve this gauge dependent ambiguities. Such a calculation requires extending the previous work done for the galaxy power spectrum to second order.
A Fourth order solutions
Substituting (21) and (22) into (13) and (14), in Fourier space we obtain the differential equations for the fourth order kernels F 4 and G 4 as − 25 
We can obtain readily the solutions of these equations. We can divide the kernels into the Newtonian and general relativistic parts. The Newtonian kernels are time independent, and can be calculated algebraically in terms of lower order kernels as 
Meanwhile, the general relativistic kernels are time dependent. Introducing the horizon scale wavenumber k H ≡ aH, we can find
